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Abstract
Let T be a digraph with vertices u1, . . . , ut (t ≥ 2) and letH1, . . . , Ht
be digraphs such that Hi has vertices ui,ji , 1 ≤ ji ≤ ni. Then the com-
position Q = T [H1, . . . , Ht] is a digraph with vertex set {ui,ji | 1 ≤
i ≤ t, 1 ≤ ji ≤ ni} and arc set
A(Q) = ∪ti=1A(Hi)∪{uijiupqp | uiup ∈ A(T ), 1 ≤ ji ≤ ni, 1 ≤ qp ≤ np}.
The composition Q = T [H1, . . . , Ht] is a semicomplete composition if
T is semicomplete, i.e. there is at least one arc between every pair
of vertices. Let k ≥ 2 be an integer, a k-king in a digraph D is a
vertex which can reach every other vertex by a directed path of length
at most k and a non-king is a vertex which is not a 3-king. A subset
K is k-independent if for every pair of vertices x, y ∈ K, we have
d(x, y), d(y, x) ≥ k; it is called ℓ-absorbent if for every x ∈ V (D) \K
there exists y ∈ K such that d(x, y) ≤ ℓ. A k-kernel of D is a k-
independent and (k − 1)-absorbent subset of V (D). A kernel is a 2-
kernel. A set K ⊆ V (D) is call a quasi-kernel of D if it is independent,
and for every vertex x ∈ V (D) \ K, there exists y ∈ K such that
d(x, y) ≤ 2.
For the topic of kings, we first characterize digraph compositions
with a k-king and digraph compositions all of whose vertices are k-
kings, respectively. When T is semicomplete, we discuss the existence
of 3-kings, and the adjacency between a 3-king and a non-king in this
class of digraphs. We also study the minimum number of 4-kings in a
strong semicomplete composition.
For the topic of kernels, we first characterize digraph compositions
which have a kernel. When T is semicomplete, we study the existence
of a pair of disjoint quasi-kernels in this class of digraphs. We finally
characterize strong semicomplete compositions with a k-kernel and de-
duce that the problem of determining whether a strong semicomplete
composition has a k-kernel is polynomial time solvable, where k ≥ 4.
Keywords: king; kernel; quasi-kernel; digraph composition; semicom-
plete composition.
AMS subject classification (2020): 05C12, 05C20, 05C69, 05C76,
05C85.
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1 Introduction
We refer the readers to [1,7] for graph-theoretical notation and terminol-
ogy not given here. All digraphs considered in this paper have no parallel
arcs or loops, and paths and cycles are always assumed to be directed, unless
otherwise stated. We use [n] to denote the set of all natural numbers from
1 to n.
Let D be a digraph. If there is an arc from a vertex x to a vertex y in
D, then we say that x dominates y and denote it by x → y. If there is
no arc from x to y we shall use the notation x 6→ y. If A and B are two
subdigraphs of D and every vertex of A dominates each vertex of B, then
we say that A dominates B and denote it by A→ B. We shall use A⇒ B
to denote that A dominates B and there is no arcs from B to A. A strong
component of a digraph D is a maximal subset S ⊆ V (D) such that dD(x, y)
is finite for every pair of distinct vertices x, y ∈ S, where dD(x, y) denotes
the length of a shortest path from x to y (if there is no such path dD(x, y)
is infinite). An initial strong component is one which has no arcs coming in
from any other strong components. We call a vertex x in a digraph a sink
(resp. source) if d+(x) = 0 (resp. d−(x) = 0).
We call a digraph D vertex-pancyclic if for every x ∈ V (D) and every
integer k ∈ {3, 4, . . . , n}, there exists a k-cycle through x in D. A digraph
D is semicomplete if for every pair x, y of distinct vertices of D, there is at
least one arc between x and y. In particular, a tournament is a semicomplete
digraph without 2-cycle. A digraph is semicomplete multipartite if it is
obtained from a complete multipartite graph by replacing every edge by an
arc or a pair of opposite arcs. A multipartite tournament is a semicomplete
multipartite digraph with no 2-cycle. Let T be a digraph with vertices
u1, . . . , ut (t ≥ 2) and let H1, . . . ,Ht be digraphs such that Hi has vertices
ui,ji , 1 ≤ ji ≤ ni. Then the composition Q = T [H1, . . . ,Ht] is a digraph
with vertex set {ui,ji | 1 ≤ i ≤ t, 1 ≤ ji ≤ ni} and arc set
A(Q) = ∪ti=1A(Hi) ∪ {uijiupqp | uiup ∈ A(T ), 1 ≤ ji ≤ ni, 1 ≤ qp ≤ np}.
The composition Q = T [H1, . . . ,Ht] is a semicomplete composition if T is
semicomplete. If Q = T [H1, . . . ,Ht] and none of the digraphsH1, . . . ,Ht has
an arc, then Q is an extension of T . For any set Φ of digraphs, Φext denotes
the (infinite) set of all extensions of digraphs in Φ, which are called extended
Φ-digraphs. By definition, the class of extended semicomplete digraphs is
a subclass of semicomplete compositions. A digraph D is quasi-transitive,
if for any triple x, y, z of distinct vertices of D, if xy and yz are arcs of D
then either xz or zx or both are arcs of D. Bang-Jensen and Huang gave
a complete characterization of quasi-transitive digraphs by using digraph
compositions as shown below.
Theorem 1.1 [4] Let D be a quasi-transitive digraph. Then the following
assertions hold:
(a) If D is not strong, then there exists a transitive oriented graph T with
vertices {ui | i ∈ [t]} and strong quasi-transitive digraphs H1,H2, . . . ,Ht
such that D = T [H1,H2, . . . ,Ht], where Hi is substituted for ui, i ∈ [t].
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(b) If D is strong, then there exists a strong semicomplete digraph S with
vertices {vj | j ∈ [s]} and quasi-transitive digraphs Q1, Q2, . . . , Qs such
that Qj is either a vertex or is non-strong and D = S[Q1, Q2, . . . , Qs],
where Qj is substituted for vj , j ∈ [s].
Digraph compositions generalize some families of digraphs, including
quasi-transitive digraphs (by Theorem 1.1), extended semicomplete digraphs
and lexicographic product digraphs (when Hi is the same digraph H for ev-
ery i ∈ [t], Q is the lexicographic product of T and H, see, e.g., [17]). In par-
ticular, strong semicomplete compositions generalize strong quasi-transitive
digraphs (by Theorem 1.1). To see that strong semicomplete compositions
form a significant generalization of strong quasi-transitive digraphs, observe
that the Hamiltonian cycle problem is polynomial-time solvable for quasi-
transitive digraphs [13], but NP-complete for strong semicomplete composi-
tions (see, e.g., [2]). While digraph composition has been used since 1990s
to study quasi-transitive digraphs and their generalizations, see, e.g., [4,12],
the study of digraph decompositions in their own right was initiated only
recently by Sun, Gutin and Ai in [27], where some results on the exis-
tence of arc-disjoint strong spanning subdigraphs were given. After that,
Bang-Jensen, Gutin and Yeo [2] characterized all strong semicomplete com-
positions with a pair of arc-disjoint strong spanning subdigraphs. Recently,
Gutin and Sun [16] studied the existence of a pair (it is called “good pair”)
of arc-disjoint in- and out-branchings rooted at the same vertex in this class
of digraphs. Especially, they characterized semicomplete compositions with
a good pair rooted at the same vertex, which generalizes the corresponding
characterization by Bang-Jensen and Huang [4] for quasi-transitive digraphs.
Sun [26] studied the structural properties of semicomplete compositions, in-
cluding results on connectivity, paths, cycles, strong spanning subdigraphs
and acyclic spanning subdigraphs. These results show that this class of
digraphs shares some nice properties of other classes of digraphs, like quasi-
transitive digraphs.
A k-king in a digraph D is a vertex which can reach every other vertex by
a path of length at most k. A k-king u is strict if there exists a vertex v such
that dD(u, v) = k. A 2-king is called a king, and a non-king is a vertex which
is not a 3-king. The study of kings in digraphs began with Landau [23] and
the term king was introduced by Maurer [24]. The concept of k-king was first
introduced in [5] for the purpose of studying quasi-transitive digraphs. After
spending some years dormant, this subject has received a lot of attention
lately. Many of the nice existing results for kings in quasi-transitive digraphs
admit natural generalizations to k-quasi-transitive digraphs [1, 12]. Since
digraph compositions generalize quasi-transitive digraphs, it is natural to
study k-kings in this class of digraphs.
Let D = (V (D), A(D)) be a digraph. A set K ⊆ V (D) is called a kernel
of D if it is an independent set such that every vertex in V (D)\K dominates
some vertex in K. The concept of a kernel was introduced by von Neumann
and Morgenstern while studying cooperative games [29]. After that, kernels
have been studied in many areas, such as list coloring, game theory and
perfect graphs [8], mathematical logic [6] and complexity theory [30]. There
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are many generalizations of this concept. A set Q ⊆ V (D) is called a quasi-
kernel of D if it is independent, and for every vertex x ∈ V (D) \K, there
exists y ∈ K such that d(x, y) ≤ 2. A subset K is k-independent if for every
pair of vertices x, y ∈ K, we have d(x, y), d(y, x) ≥ k; it is called ℓ-absorbent
if for every x ∈ V (D)\K there exists y ∈ K such that d(x, y) ≤ ℓ. A k-kernel
of D is a k-independent and (k − 1)-absorbent subset of V (D). Clearly, a
2-kernel is exactly a kernel. The problem k-Kernel is determining whether
a given digraph has a k-kernel.
In this paper, we continue the research of digraph compositions and focus
on the topics of kings and kernels in this class of digraphs. In Section 2, kings
are discussed. When T is arbitrary, we characterize all digraph compositions
with a k-king and digraph compositions all of whose vertices are k-kings,
where k ≥ 2 is an integer (Theorem 2.4). When T is semicomplete, we give a
sufficient condition to guarantee that Q has at least two 3-kings. In particu-
lar, every strong semicomplete composition has two 3-kings (Theorem 2.8).
The adjacency between 3-kings and non-kings in a strong semicomplete com-
position is also studied (Theorem 2.9). For a semicomplete composition Q,
if there exists a semicomplete composition Q′ which contains Q as an in-
duced subdigraph such that the set of all 3-kings of Q′ is precisely V (Q),
then we say Q can be established. Similar problems for tournaments and
quasi-transitive digraphs have been studied in [5, 20, 25]. In this paper, we
give a sufficient condition under which a strong semicomplete composition
can be established (Theorem 2.10). In the end of this section, we discuss the
minimum number of 4-kings in a strong semicomplete composition (Theo-
rem 2.15).
The topic of kernels are discussed in Section 3. We first characterize
digraph compositions which have a kernel (Theorem 3.1). Gutin et al. [14]
characterized digraphs with exactly one or two quasi-kernels. In particular,
if a digraph has precisely two quasi-kernels then these two quasi-kernels are
actually disjoint. This raises the question of which digraphs contain a pair
of disjoint quasi-kernels. We deduce that when T has no sink, each semi-
complete composition contains a pair of disjoint quasi-kernels. In particular,
every strong semicomplete composition contains such quasi-kernels (Theo-
rem 3.4). The problem 2-Kernel, also called Kernel, is NP-Complete [9],
even restricted to planar digraphs with ∆ ≤ 3 and ∆+,∆− ≤ 2 [11], or
digraphs with 3-colourable underlying graph [19]. However, when restricted
to quasi-transitive digraphs, the above problem can be solved in polynomial
time [19]. For the 3-Kernel problem, Hell and Herna´ndez-Cruz [19] proved
that it can be solved in polynomial time restricted to semicomplete bipartite
digraphs or 3-quasi-transitive digraphs. When k ≥ 4, we give a character-
ization of strong semicomplete compositions with a k-kernel which means
that k-Kernel can be solved in polynomial time restricted to this class of
digraphs (Theorem 3.7).
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2 Kings
2.1 T is arbitrary
By definition, we directly have the following observations.
Observation 2.1 [26] Let Q = T [H1, . . . ,Ht] be a digraph composition, Q
is strong if and only if T is strong.
Observation 2.2 Let k ≥ 2 be an integer. If H is a spanning subdigraph
of D, then every k-king (if exists) of H is also a k-king of G.
Observation 2.3 Let k ≥ 2 be an integer. If Q = T [H1, . . . ,Ht] has a
k-king v ∈ V (Hi) for some 1 ≤ i ≤ t, then ui is a k-king of T .
For any integer k ≥ 2, we now characterize all digraph compositions with
a k-king and digraph compositions all of whose vertices are k-kings.
Theorem 2.4 Let k ≥ 2 be an integer, and Q = T [H1, . . . ,Ht] be a digraph
composition. Then the following assertions hold:
(a) Q has a k-king if and only if T has a k-king ui for some i ∈ [t] and
at least one of the following possibilities holds: (i) Hi has a k-king;
(ii) |V (Hi)| ≥ 2 and ui belongs to a cycle of T with length at most k.
(b) All vertices of Q are k-kings if and only if for each i ∈ [t], ui is a k-king
of T and at least one of the following possibilities holds: (i) all vertices
of Hi are k-kings of Hi; (ii) |V (Hi)| ≥ 2 and ui belongs to a cycle of
T with length at most k.
Proof:
Part (a) The proof of sufficiency is not hard, so we just prove the necessity.
If Q = T [H1, . . . ,Ht] has a k-king v which belongs to some V (Hi), then ui
is a k-king of T by Observation 2.3. If |V (Hi)| = 1, then the unique vertex
v in Hi is of course a k-king of Hi. Hence, in the following we assume that
|V (Hi)| ≥ 2.
If Hi has no k-king, then since v is a k-king of Q, there must exist a
vertex x ∈ V (Hi) \ {v} such that there is a v − x path, denoted by Pvx, of
length at most k which uses at least one vertex from V (Q)\V (Hi). We claim
that ui belongs to a cycle of length at most k in T . To see this, we replace
the vertices in Pvx (in order) with their corresponding vertices in T . For
example, we replace v with ui. Then we could get a closed walk of length at
most k which contains ui in T , this means that ui indeed belongs to a cycle
of length at most k in T . Hence, either Hi has a k-king, or, |V (Hi)| ≥ 2 and
ui belongs to a cycle of T with length at most k.
Part (b) The proof of sufficiency is not hard and we just prove the ne-
cessity. By Observation 2.3, all vertices of T are k-kings of T . For any
i ∈ [t], if |V (Hi)| = 1, then of course the unique vertex is a k-king of Hi.
In the following we assume that |V (Hi)| ≥ 2. If one vertex, say u, of Hi is
not k-king of Hi, then (since u is a k-king of Q) there must exist a vertex
x ∈ V (Hi) \ {u} such that there is a u− x path, denoted by Pux, of length
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at most k which uses at least one vertex from V (Q) \ V (Hi). Then with a
similar argument to that of Part (a), we have that ui belongs to a cycle of
length at most k in T . ✷
2.2 T is semicomplete
The following result can be found in literature, see e.g. Theorem 2.2.9
of [3].
Theorem 2.5 Every strong semicomplete digraph is vertex-pancyclic.
Theorem 2.6 [23] Every tournament has a king. More precisely, every
vertex with maximum out-degree is a king.
Bang-Jensen and Huang obtained the following result on the existence of
3-kings in a quasi-transitive digraph.
Theorem 2.7 [5] Let D be a quasi-transitive digraph with a 3-king. If D
has no source, then D has at least two 3-kings.
For semicomplete compositions, we give a similar result to Theorem 2.7.
Theorem 2.8 Let Q = T [H1, . . . ,Ht] be a semicomplete composition with
a 3-king. If T has no source, then Q has at least two 3-kings. In particular,
every strong semicomplete composition Q = T [H1, . . . ,Ht] has a 3-king, and
a vertex v ∈ Hi is a 3-king of Q if and only if ui is a 3-king of T .
Proof: We first prove the following claim.
Claim. Every strong semicomplete composition Q = T [H1, . . . ,Ht] has
a 3-king. Furthermore, a vertex v ∈ Hi is a 3-king of Q if and only if ui is
a 3-king of T .
Proof of the claim. By Theorem 2.6, there is a 3-king, say ui, in T . If
|V (Hi)| = 1, then the unique vertex in V (Hi) is also a 3-king of Q. Hence,
we assume |V (Hi)| ≥ 2. By Theorem 2.5, ui belongs to a 3-cycle in T , so Q
has a 3-king by Theorem 2.4.
If ui is a 3-king of T , then v ∈ Hi can reach every vertex outside Hi by
a path of length at most three. By Theorem 2.5, ui belongs to a 3-cycle in
T , so v can reach the remaining vertices of Hi by a path of length at most
three. The other direction is from Observation 2.3.
Case 1: Q is strong.
By Observation 2.1, T is strong and of course has no source. By the
above claim, T has a 3-king and furthermore has at least two 3-kings by
Theorem 2.7, therefore, Q has at least two 3-kings.
Case 2: Q is not strong.
SinceQ has a 3-king, the initial strong component, sayQ′, must be unique
and contain all 3-kings. Furthermore, Q′ must contain vertices from at least
two Hi. Otherwise, assume that V (Q
′) ⊆ V (H1), then since Q′ is the unique
initial strong component, each vertex of V (H1) dominates every vertex of
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V (Q) \ V (H1) and there is no arc from V (Q) \ V (H1) to V (H1), this means
that u1 is a source in T , a contradiction. Observe that if V (Hi)∩V (Q
′) 6= ∅,
then V (Hi) ⊆ V (Q
′), that is, Q′ is a union of some Hi. Without loss of gen-
erality, assume that Q′ contains vertices from Hi (1 ≤ i ≤ t
′). Then Q′ is a
strong semicomplete composition with the form Q′ = T ′[H1, . . . ,Ht′ ] where
V (T ′) = {ui | 1 ≤ i ≤ t
′} and |T ′| = t′ ≥ 2. By the above claim, Q′ contains
two 3-kings, say x and y. Since Q′ is the unique initial strong component
of Q, by the definition of semicomplete compositions, we have x → z and
y → z for each z ∈ V (Q) \ V (Q′). Hence, both x and y are 3-kings of Q. ✷
Remark A: According to the second paragraph of the proof for the claim
in Theorem 2.8, we actually can divide H1, . . . ,Ht in a strong semicomplete
composition Q = T [H1, . . . ,Ht] into those for which all v ∈ Hi are 3-kings
(in this case, ui is a 3-king of T ) and those for which no v ∈ Hi is a 3-king.
Recall that in Theorem 2.7, Bang-Jensen and Huang [5] proved that a
quasi-transitive digraph D with a 3-king contains at least two 3-kings pro-
vided that it has no source. It is worth noting that we cannot replace the
condition “If T has no source” in Theorem 2.8 by “If Q has no source”, ac-
cording to the following example: let Q = T [H1, . . . ,Ht] be a semicomplete
composition such that ui dominates (but is not dominated by) uj for any
1 ≤ i < j ≤ t, and H1 is a digraph with vertex set {u1,j | 1 ≤ j ≤ 6} and
arc set {u1,ju1,j+1, u1,j+1u1,j | 1 ≤ j ≤ 6}. It can be checked that Q has no
source but u1,4 is the unique 3-king of Q.
The following result concerns the adjacency between 3-kings and non-
kings.
Theorem 2.9 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composi-
tion. Then there is an arc between every 3-king and every non-king; more-
over, for every non-king u, there exists a 3-king v such that dQ(u, v) > 3
and v dominates u.
Proof: By Theorem 2.8 and Remark A, there is an arc between every 3-king
and every non-king.
Let u be any non-king of Q. Let H be the subdigraph of Q induced by
the set of all vertices v such that dQ(u, v) > 3. Then we have |V (H)| > 0,
and furthermore, V (H) =
⋃t′
j=1 V (Hij ) (1 ≤ t
′ ≤ t) and each vertex of
V (H) dominates u by the definition of a semicomplete composition (By
Theorem 2.5, T is vertex-pancyclic and so u can reach every other vertex
of the same Hi by a path of length at most three. Hence, u 6∈ V (H) and
vertices in the same Hi with u do not belong to V (H)). Without loss of
generality, we assume that V (H) =
⋃t′
j=1 V (Hj) (1 ≤ t
′ ≤ t). Let T ′ be the
subdigraph of T induced by {ui | 1 ≤ i ≤ t
′}. Clearly, T ′ is semicomplete
and hence has a king, say u1, by Theorem 2.6. Next we will prove the
following claim.
Claim. Every vertex of H1 is a 3-king of Q.
Proof of the claim. Let x be a vertex of H1. Suppose that dQ(x, y) > 3
for some vertex y ∈ V (Q). For any vertex x′ ∈ V (H1)\{x}, since u1 belongs
to a 3-cycle by Theorem 2.5, we have dQ(x, x
′) ≤ 3. For any remaining vertex
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y′ of H, we clearly have dQ(x, y
′) ≤ 2 since u1 is a king of T
′. Hence, we
must have y 6∈ H, and so dQ(u, y) ≤ 3. Without loss of generality, assume
that dQ(u, y) = 3 and let u, a, b, y be a u − y path of length 3. There is
an arc between x and a by the definition of a semicomplete composition.
If xa ∈ A(Q), then x, a, b, y is an x − y path of length 3, a contradiction.
Otherwise, ax ∈ A(Q), then u, a, x is a u − x path of length 2, which also
produces a contradiction. Hence, the claim holds.
Now we have that every vertex x of H1 is a 3-king of Q such that
xu ∈ A(Q) and dQ(u, x) > 3, so the conclusion holds. ✷
Bang-Jensen and Huang [5] proved that Theorem 2.9 holds for a quasi-
transitive digraph with a 3-king, which means that the result may hold
even for a non-strong quasi-transitive digraph (as long as it has a 3-king).
However, for a non-strong semicomplete composition Q with a 3-king, The-
orem 2.9 may not hold. We just use the example after Theorem 2.8: Q is
not strong and u1,4 is the unique 3-king of Q; furthermore, there is no arc
between u1,4 and u1,1, and of course u1,4 does not dominate u1,1.
We now give a sufficient condition under which a semicomplete compo-
sition can be established. It suffices to study strong semicomplete composi-
tions with a non-king as the case that all vertices are 3-kings is trivial.
Theorem 2.10 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composi-
tion. If T has a strict 3-king and every 2-king of T is dominated by some
strict 3-king of T , then Q can be established.
Proof: Without loss of generality, let {ui | 1 ≤ i ≤ p} and {ui | p + 1 ≤
i ≤ q} be the sets of strict 3-kings and 2-kings of T , respectively. We now
construct a new digraph Q′ from Q as follows: let V (Q′) = V (Q)∪{vi | 1 ≤
i ≤ p}; for each 1 ≤ i ≤ p, vi completely dominates all vertices in Hi and
is completely dominated by all other vertices of Q; for any 1 ≤ i, j ≤ p, vi
dominates vj if and only if ui dominates uj .
Observe that Q′ = T ′[H1, . . . ,Ht, v1, . . . , vp] is a strong semicomplete
composition containing Q as an induced subdigraph, where V (T ′) = {ui |
1 ≤ i ≤ t+ p} such that ut+j is corresponding to vj for 1 ≤ j ≤ p. Further-
more, our result holds by the following two claims.
Claim 1. For each 1 ≤ i ≤ p, vi is a non-king of Q
′.
Proof of Claim 1. For each 1 ≤ i ≤ p, observe that all vertices in Hi
are strict 3-kings of Q, so they can not reach the vertices of some Hj in two
steps, hence vi can not reach the vertices of Hj in three steps in Q
′ and so
vi is a non-king of Q
′.
Claim 2. All vertices of Q are 3-kings of Q′.
Proof of Claim 2. Let u ∈ V (Q). We need to consider the following
three cases:
The first case is that u ∈
⋃p
i=1 V (Hi). Without loss of generality, assume
that u ∈ V (H1). Since u1 is a 3-king of T , u can reach any vertex v ∈
V (Q) \ V (H1) in at most three steps. For any vertex v ∈ V (H1) \ {u}, the
path u,w, v1, v is a u− v path of length three, where w ∈ V (Q) (note that
the vertex w exists since u1 is a 3-king of T and so has an out-neighbour in
V (T ) \ {u1}). Moreover, u dominates all new vertices.
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The second case is that u ∈
⋃q
i=p+1 V (Hi). Without loss of generality,
assume that u ∈ V (Hp+1). Since up+1 is a 2-king of T , u can reach any
vertex v ∈ V (Q) \ V (Hp+1) in at most two steps. By the assumption, up+1
is dominated by some vertex, say u1, from {ui | 1 ≤ i ≤ p}. Hence, for any
vertex v ∈ V (Hp+1)\{u}, the path u, v1, w, v is a u−v path of length three,
where w ∈ V (H1). Moreover, u dominates all new vertices.
Finally we consider the case that u is a non-king of Q. If v ∈
⋃p
i=1 V (Hi),
then u can reach v by a path of the form u, vj , v if v ∈ V (Hj). If v ∈⋃q
i=p+1 V (Hi), then u can reach v by a path of the form u, vj , w, v, where
w ∈ V (Hj) for some 1 ≤ j ≤ p. Such a path exists because every 2-king
of T is dominated by some strict 3-king of T by the assumption. If v is
also a non-king, then u can reach v by a path of the form u, vj , w, v, where
w ∈ V (Hj) for some 1 ≤ j ≤ p. To see why such a path exists, it suffices to
notice that every non-king of T must be dominated by some strict 3-king of
T : Otherwise, there must exist some non-king x which dominates all strict
3-kings of T . Consider any vertex y ∈ V (T ), if y is a 2-king of T , then
there exists an x − y path in T : x, x′, y, where x′ is a strict 3-king and its
existence is from the assumption; if y is also a non-king, then there exists
an x − y path in T : x, x′, y, where x′ is a 3-king and its existence is from
Theorem 2.9 as T itself is a strong semicomplete composition, or an x − y
path in T : x, x′, x′′, y, where x′ is a strict 3-king and x′′ is a 2-king. Hence,
x is a 3-king of T , which produces a contradiction.
Thus, in each case u is a 3-king of Q′, so the claim holds. ✷
In the end of this section, we turn our attention to 4-kings in semi-
complete compositions. In our argument, some results on semicomplete
multipartite digraphs will be needed.
For strong semicomplete multipartite digraphs, Gutin and Yeo obtained
the following result on the number of 4-kings.
Theorem 2.11 [15] Every strong semicomplete multipartite digraph with
at least six vertices has at least five 4-kings.
The following result on semicomplete bipartite digraphs was first stated
by Wang and Zhang [31], and was mentioned in [12] (see Theorem 8.6.7).
Theorem 2.12 Let D be a semicomplete bipartite digraph with a unique
initial strong component. If there is no 3-king in D, then there are at least
eight 4-kings in D.
For multipartite tournaments, Koh and Tan got the following result.
Theorem 2.13 [21, 22] If a multipartite tournament has a unique initial
strong component and no 3-king, then it has at least eight 4-kings.
It is worth noting that many results for strong multipartite tournaments
also hold for strong semicomplete multipartite digraphs, due to the following
result by Volkmann.
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Theorem 2.14 [28] Every strong semicomplete c-partite digraph with c ≥
3 contains a spanning strong oriented subdigraph.
Now we are ready to deal with the minimum number of 4-kings in a
strong semicomplete composition.
Theorem 2.15 Every strong semicomplete composition Q = T [H1, . . . ,Ht]
with at least six vertices has at least five 4-kings. Furthermore, if Q has no
3-king, then it has at least eight 4-kings.
Proof: Let Q′ be the spanning subdigraph of Q by deleting all arcs inside
each Hi. By Observation 2.1, Q
′ is a strong semicomplete t-partite digraph
with at least six vertices and so has at least five 4-kings by Theorem 2.11.
Hence, Q has at least five 4-kings.
If Q has no 3-king, then Q′ also has no 3-king by Observation 2.2. In
the following we will show that Q′ has at least eight 4-kings and then the
result directly holds. The case that t = 2 holds by Theorem 2.12. For the
case that t ≥ 3, by Theorem 2.14, Q′ has a strong spanning subdigraph Q′′
which is a strong t-partite tournament (without a 3-king), then Q′′ (and so
Q′) has at least eight 4-kings by Theorem 2.13. ✷
3 Kernels
3.1 T is arbitrary
The following result characterizes digraph compositions which have a
kernel.
Theorem 3.1 A digraph composition Q = T [H1, . . . ,Ht] has a kernel if
and only if T has a kernel KT = {uij | j ∈ [s]} such that the following
assertion holds: if s ≥ 2, then Hij has no arcs for each j ∈ [s]; otherwise,
Hi1 has a kernel.
Proof: Suppose T has a kernel KT = {uij | j ∈ [s]} such that the following
assertion holds: if s ≥ 2, then Hij has no arcs for each j ∈ [s]; otherwise, Hi1
has a kernel. By the definition of a kernel, u→ uij for each u ∈ V (T ) \KT ,
which means that (V (Q) \
⋃s
j=1 V (Hij ))→
⋃s
j=1 V (Hij ). Let K = ∪
s
j=1Kj ,
where Kj = V (Hij ) when s ≥ 2 and K1 is the kernel of Hi1 when s = 1. It
can be checked that K is an independent set of Q and (V (Q) \ K) → K,
that is, K is a kernel of Q.
For the other direction, let K be a kernel of Q. Without loss of generality,
assume that K ⊆
⋃s
j=1 V (Hj) such that K ∩ V (Hj) 6= ∅ for each j ∈ [s].
By the definition of a kernel, (V (Q) \
⋃s
j=1 V (Hj)) →
⋃s
j=1 V (Hj), which
means that V (T ) \ {uj | j ∈ [s]} → {uj | j ∈ [s]}. Furthermore, there is no
arcs between distinct Hi and Hj in Q for i, j ∈ [s], therefore there is no arcs
between distinct ui and uj in T for i, j ∈ [s]. Hence, {ui | i ∈ [s]} is a kernel
of T .
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For the case that s ≥ 2, we claim that each Hi has no arcs. Indeed,
suppose H1 has an arc uv. Then v ∈ K and u 6∈ K, which means that
u→
⋃s
j=2 V (Hj), this produces a contradiction. It remains to consider the
case that s = 1. Clearly, K ⊆ V (H1), therefore V (Hj) → K, which means
that uj → u1 for each j 6= 1. If K = V (H1), then H1 must have no arcs
since K is a kernel of Q. If K 6= V (H1), then each vertex in V (H1) \ K
dominates some vertex of K since K is a kernel of Q, hence K is also a
kernel of H1. ✷
3.2 T is semicomplete
Chva´tal and Lova´sz obtained the following result on a quasi-kernel in
digraphs.
Theorem 3.2 [10] Every digraph contains a quasi-kernel.
Heard and Huang [18] gave sufficient conditions to guarantee the exis-
tence of a pair of disjoint quasi-kernels in several classes of digraphs, includ-
ing semicomplete digraphs.
Theorem 3.3 [18] Every semicomplete digraph D with no sink contains
two vertices x, y such that {x} and {y} are both quasi-kernels of D.
We now get a sufficient condition to guarantee the existence of a pair of
disjoint quasi-kernels in semicomplete compositions.
Theorem 3.4 Let Q = T [H1, . . . ,Ht] be a semicomplete composition such
that T has no sink. Then Q contains a pair of disjoint quasi-kernels. In
particular, every strong semicomplete composition contains a pair of disjoint
quasi-kernels.
Proof: Let Q = T [H1, . . . ,Ht] be a semicomplete composition such that T
has no sink. By Theorem 3.3, there are two vertices, say ui, uj , such that
{ui} and {uj} are both quasi-kernels of T . Let Qi and Qj be the quasi-
kernels of Hi and Hj, respectively (note that this can be guaranteed by
Theorem 3.2). It can be checked that Qi and Qj are disjoint quasi-kernels
of Q.
If Q = T [H1, . . . ,Ht] is a strong semicomplete composition, then T is
strong by Observation 2.1 and hence contains no sink. By the above argu-
ment, Q contains a pair of disjoint quasi-kernels. ✷
The following result provides a necessary condition for a semicomplete
composition to have a k-kernel.
Lemma 3.5 Let Q = T [H1, . . . ,Ht] be a semicomplete composition. If Q
contains a k-kernel with k ≥ 3, then there is a vertex v ∈ V (Q) such that
{v} is a (k − 1)-absorbent set of Q − (V (Hi) \ {v}) where v ∈ V (Hi) for
some i ∈ [t].
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Proof: Let K be a k-kernel of Q and v be any vertex of K. Observe that
K ⊆ V (Hi) for some i ∈ [t]. Let Q
′ = Q − (V (Hi) \ {v}) and u be any
vertex of V (Q) \ V (Hi). Since Q is a semicomplete composition, u and v
must be adjacent in Q. If u → v, then we are done. In the following we
assume that v → u. By the definition of K, there must be x ∈ K such that
dQ(u, x) ≤ k − 1. If v = x, then we are done. In the following we assume
that v 6= x.
We claim that dQ(u, x) = k−1. Indeed, if there is a u−x path, denoted by
Pu,x, in Q of length at most k−2, then the path vPu,x is a v−x path in Q of
length at most k−1, which contradicts with the k-independence ofK. Hence,
there is a u−x path of length k−1 inQ: u0 = u, u1, . . . , uk−1 = x. If there ex-
ists some j ∈ [k−2] such that uj ∈ V (Hi) (we further assume j is the smallest
integer satisfying this property), then the path u0, u1, . . . , uj−1, v is a u− v
path in Q′ of length at most k − 1. Otherwise, the path u0, u1, . . . , uk−2, v
is a u− v path in Q′ of length k − 1. Therefore, in both cases, we conclude
that dQ′(u, v) ≤ k − 1. This completes the proof. ✷
Lemma 3.6 Let Q = T [H1, . . . ,Ht] be a digraph composition and v ∈
V (Hi) for some i ∈ [t]. Then {v} is a k-absorbent set of Q− (V (Hi) \ {v})
if and only if {ui} is a k-absorbent set of T .
Proof: Let Q′ = Q− (V (Hi) \ {v}). Then the result holds by the fact that
distT (uj , ui) = distQ′(u, v) for any u ∈ V (Hj) where j ∈ [t] \ {i}. ✷
When k ≥ 4, we characterize strong semicomplete compositions with a
k-kernel.
Theorem 3.7 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition
and k ≥ 4. Then Q has a k-kernel if and only if there is a vertex v ∈ V (Q)
such that {v} is a (k−1)-absorbent set of Q−(V (Hi)\{v}) where v ∈ V (Hi)
for some i ∈ [t]. Furthermore, the problem k-Kernel (k ≥ 4) is polynomial
time solvable restricted to strong semicomplete compositions.
Proof: Suppose there is a vertex v ∈ V (Q) such that {v} is a (k − 1)-
absorbent set of Q− (V (Hi) \ {v})(= Q
′) where i ∈ V (Hi) for some i ∈ [t].
Then distQ(u, v) ≤ distQ′(u, v) ≤ k−1 for any vertex u ∈ V (Q)\V (Hi). By
Theorem 2.5, ui belongs to a cycle of length three in T , which means that
distQ(u, v) ≤ 3 for each u ∈ V (Hi) \ {v}. Hence, {v} is a (k − 1)-absorbent
set of Q and therefore is a k-kernel of Q. The other direction is clear by
Lemma 3.5.
By Lemma 3.6, Q has a k-kernel if and only if {ui} is a (k−1)-absorbent
set of T for some i ∈ [t]. It suffices to show that we can decide in polynomial
time if {ui} is a (k − 1)-absorbent set of T , where i ∈ [t]. Indeed, we just
compute the values of distT (x, ui) for all x ∈ V (T ) \ {ui} and check if they
are at most k − 1. This can be done in polynomial time by the Dijkstra’s
algorithm (see e.g. Theorem 3.3.7 of [1]). ✷
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